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Let b ,,..., 6, be an asymptotic sequence over an ideal Z in a Noetherian ring R 
and let Bi = (b , ,..., bi) R. Then it is shown that certain sequences closely related to 
these elements are asymptotic sequences over Z2(R, B,), over tZS(R, Z), and over 
us@, Z), where s(R, J) is the Rees ring of R with respect to the ideal J. These 
results then imply that certain other sequences are asymptotic sequences over the 
corresponding ideals in the associated graded rings and in the monadic transform 
mation rings. As an application of the results, it is shown that if R is local, then 
each permutation of b, ,..., b, is an asymptotic sequence over Z and that b, ,..., b, are 
an asymptotic sequence in R. 
1. INTRODUCTION 
All rings in this paper are assumed to be commutative with identity, and 
rings will also generally be Noetherian. 
In [ 141 a new type of sequence, an asymptotic sequence, in a Noetherian 
ring R was introduced, and in [S] it was shown that most of the known basic 
results concerning R-sequences have a valid analogue for asymptotic 
sequences. This type of sequence appears to be quite interesting in its own 
right, and such sequences have been used in [ 14,9, 111 to help prove results 
concerning the analytic spread of an ideal, Z-independent elements, and 
symbolic powers of ideals. Also they can be used to gain new information on 
asymptotic prime divisors, as is shown in [IO], so they seem to be an 
important new concept. 
In this paper we add to the knowledge concerning asymptotic sequences 
over an ideal Z in a Noetherian ring R by showing how they give rise to 
some closely related asymptotic sequences in certain rings related to R. 
Specifically, it is shown in (3.3) that if b,,..., b, are an asymptotic sequence 
over Z and Bi = (6, ,..., bi) R, then certain permutations of U, tb, ,..., tbi, 
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bi+ 1 ,.a*> b, are asymptotic sequences over I.9 in the Rees ring .2 = .:W(R, Bi) 
of R with respect to Bi. This immediately implies that certain other 
sequences related to these elements are asymptotic sequences over the Bi- 
form ideal of I in the form ring (=associated graded ring) .F(R, Bi) of R 
with respect to Bi, and over IRIBi/bk]. where 1 < k < i < s. A strong 
converse of (3.3) is given in (3.7.1). 
In Section 4 it is shown that b , . . . . . 6, are an asymptotic sequence over I if 
and only if u. 6, ,.... b, are an asymptotic sequence over tl.S’(R. I), and in 
Section 5 it is shown that this holds if and only if b, ,.... b, are an asymptotic 
sequence over u.@(R, I). In both of these sections. corollaries similar to 
those mentioned above are proved concerning .F(R, I) and R[I/c]. Section 6 
applies the results in Section 5 to prove that if b, . . . . . b, are an asymptotic 
sequence over an ideal I in a local ring R, then every permutation of the bi is 
an asymptotic sequence over I and is also an asymptotic sequence in R. 
Finally. Section 7 contains results similar to those in Sections 3-5 
concerning .R(R. I + Bi). 
As already noted, asymptotic sequences are an excellent analogue of R- 
sequences, so they should play a useful role in future research in Noetherian 
rings. Hopefully, the results in this paper will be of use in such future work. 
2. NOTATION AND SOME KNOWN RESULTS 
To prove the main results in this paper. a fair amount of notation and 
several rather new concepts are used. So all the relevant definitions and the 
most frequently used basic facts concerning them which are needed below 
are collected together in this section. We begin with the definitions. 
(2.1) DEFINITION. Let I be an ideal in a Noetherian ring R. 
(2.1.1) a*(I) = (P E Spec R; P is a prime divisor of (I”), for all large n } 
is the set of asymptotic prime divisors of I. Here. (I”), is the integral closure 
of I” in R. 
(2.1.2) An element b in R is asymptotical[v prime to I in case 
(I, b) R # R and (I”),: bR = (I”), for all ?I > 1. Elements b, ,..., b, in R are 
an asymptotic sequence otler I in case bi is asymptotically prime to 
(I, b, ,..., b,-,) R for i = l,.... s. The elements b, ,..., b, are an asymprotic 
sequence in R in case they are an asymptotic sequence over (0). 
(2.1.3) Grade*Z, the asymptotic grade of I. is the maximum number of 
elements in I which form an asymptotic sequence in R. 
(2.1.4) mAss R = {z E Ass R; z is minimal}. 
(2.1.5) .%‘(R, I) = R[tZ, u], where t is an indeterminate and u = l/t. is the 
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Rees ring of R with respect to I. ..F(R, I) = @ (In/Z”+‘; n > O} is the form 
ring of R with respect to I. 
(2.1.6) If R is local with maximal ideal M, then the analytic spread of I, 
denoted Z(Z), is defined by Z(Z) = depth(M, u) 9(R,Z). The asymptotic 
cograde of I, denoted s(Z), is the maximum length of an asymptotic sequence 
over I. Finally, R* is the M-adic completion of R. 
Concerning these definitions, it is shown in [ 10, (2.4) and (2.7)] that the 
sets Ass R/(Z”), are increasing and stable for all large n, so a*(Z) is well 
defined. And it follows from this that an element b is asymptotically prime to 
Z if and only if (I, 6) R # R and b $ U (P; P E A^ *(I)}. Further, it is shown in 
[8. (2.13)] that any two maximal asymptotic sequences contained in Z have 
the same length. and it is shown in [ 1 ] that any two maximal asymptotic 
sequences over Z have the same length (since R is local). 
(2.2) contains a list of some of the obvious facts and known results 
concerning asymptotic sequences that are needed below. 
(2.2) Remark Let Z be an ideal in a Noetherian ring R. 
(2.2.1) If b ,,...r b, are an asymptotic sequence over Z, then 
height(Z, b, ,..., bi) R > height Z + i (i = l,..., s) and the images of the bi in R,. 
are an asymptotic sequence over I,. for all multiplicatively closed subsets U 
(0 @G U) of R such that (I, b, ,..., 6,) R,. # R,.. 
(2.2.2) [8, (2.10)]. If b ,,.... 6, are an asymptotic sequence in the 
Jacobson radical of R, then each permutation of the bi is an asymptotic 
sequence in R. 
(2.2.3) [ 10, (6.5) and (6.8)]. If S is a faithfully flat Noetherian extension 
ring of R, if P E A^ *(I), and if P* is a minimal prime divisor of PS, then 
P* E 1 *(IS); and if Q* E A^ *(IS), then Q* n R E 2 *(I). Therefore 
elements b , ,..., b, in R are an asymptotic sequence over an ideal J in R if and 
only if they are an asymptotic sequence over JS. 
(2.2.4) [ 10, (6.3)]. If P E a*(Z), then there exists z E mAss R such that 
z E P and P/z E A * ((I + z)/z); and, if Q E a *((I + z)/z), then there exists 
Q E a*(Z) such that z c Q and Q/z = Q. Therefore elements b, ,..., b, in R 
are an asymptotic sequence over an ideal J in R if and only if their images in 
R/z are an asymptotic sequence over (J + z)/z for all z E mAss R. 
(2.2.5) If b ,,..., 6, are elements in R and K is an ideal contained in 
Rad R, then b, ,..., 6, are an asymptotic sequence over Z if and only if their 
images are an asymptotic sequence over (I + K)/K in R/K. (This follows 
readily from (2.2.4).) 
(22.6) [8, (4.1), (3.15), and (3.17)]. R is locally quasi-unmixed if and 
only if height Z = grade*Z for all ideals Z in R. If R is a quasi-unmixed local 
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ring and height (6, ,..., 6,) R = s. then b, ,..., b, are an asymptotic sequence 
in R. 
(2.2.7) [12]. If b ,,..., b, are an asymptotic sequence over I, then for 
i = l,..., s - 1 the images of bi+, ,..., b, in R/B, are an asymptotic sequence 
over (I + B,)/B,, where Bi = (b ,,..., bi) R. 
This section will be closed by proving the following lemma, which is 
closely related to (2.2.3) and (2.2.4). 
(2.3) LEMMA. Let (R, M) be a local ring, let b, ,...) b, in M, and let I be 
an ideal in R. Then the following statements hold: 
(2.3.1) rf S is a local extension ring of R such that R G S satisjjl the 
Theorem of Transition, then b, ,..., b, are a maximal asymptotic sequence 
oljer I if and on& if they are a maximal asymptotic sequence over IS. 
(2.3.2) b ,,.... b, are a maximal asymptotic sequence ooer I $ and only if 
their images in R/z are an asymptotic sequence ouer (I + z)/z for all 
z E rnAss R and they are a maximal asymptotic sequence oL$er (I + z)/z for 
some such z. 
Proof. (2.3.1) is clear from (2.2.3). since b,,..., b, are a maximal 
asymptotic sequence over an ideal J in a local ring (L, N) if and only if they 
are an asymptotic sequence over J and NE a*((b, ,..., b,) L). 
(2.3.2) is clear from (2.2.4) for the same reason as noted in the proof of 
(2.3.1). Q.E.D. 
(2.3) applies to asymptotic sequences by taking I= (0). 
3. ASYMPTOTIC SEQUENCES OVER I AND OVER Z3’(R,Bi) 
The main result in this section, (3.3), shows that an asymptotic sequence 
over an ideal I in a Noetherian ring R gives rise to some related asymptotic 
sequences over I.%’ in certain Rees rings S@ or R. In order to prove (3.3) we 
need a couple of preliminary results, so we begin with the following lemma. 
(3.1) is closely related to [9, (4.3)], and its proof is essentially the same as 
the proof given in [9]. 
(3.1) LEMMA. Let b ,,..., b, be an asymptotic sequence ouer an ideal I in 
a Noetherian ring R and let X be an indeterminant. Then for i = l...., s and 
for all r E R, it holds that b, ,..., bi-,, X - r, bi ,..., b, are an asymptotic 
sequence over IR [X]. 
Proof. Since R[X - r] = R[X], it may be assumed that r = 0. Also, it 
follows immediately from the definition that b, ,..., bi- , , X are an asymptotic 
sequence over ZR[X]. Therefore fix g (i - 1 <g < s) and assume that 
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b , ,..., bi_, , X, bi )...) 6, are an asymptotic sequence over IR [X] (for g = i - 1. 
the sequence is 6, ,..., bi-I,X). Let J= (Z,b ,,..., bi_l, X, bi,..., b,)R[X]. 
and let fE R [X] such that fb,, , E. (J”), for some n > 1. Then note 
that (J”), = ((I”, 6: ,..., bi, X”) R [Xl), = ((I, 6, ,..., b,)“R),, X”) R[X], so it 
readily follows that the coefficient of X’ (0 <i < n) in f is in 
((I, b ,.... , b,)“R),, since b,+, is asymptotically prime to (Z. b ,,.... bp) R. 
ThereforefE (J”),, and the conclusion follows from this. Q.E.D. 
(3.2) is the last of the preliminary results needed to prove (3.3). The 
restriction on the permutation in (3.2.1)(a)-(c) is to ensure that the elements 
b ,,.... b, appear in this order when the images of c ,...., c, in .$(R, I?;) are 
extended to R[t, u]; this is, of course, necessary, since a permutation of an 
asymptotic sequence over an ideal in a Noetherian ring R need not be an 
asymptotic sequence over the ideal. (However. this does hold if R is local, as 
will be shown in (6.2).) 
(3.2) PROPOSITION. Let b,...., b, be an asymptotic sequence over an ideal 
I in a Noetherian ring R, fix i (1 < i ,< s) and let A = R ]u. X, ,..., Xi ], where 
u . x , . . . ., Xi are indeterminants. Let f; = uXi - bi (j= I,.... i). Then the 
following statements hold: 
(3.2.1) Let c, . . . . . c,,, be a permutation of u. X, ,.... Xi. b,, , ..,.. b, of one of 
the follo~cGg tj’pes: 
(a) c,=u and if cj=bk and k>i+ I, then bk-,=ci-K for some 
g> 1. 
(b) c, =X , ,..., cj = Xi Cjor some j ( 1 <j < i)), cj+ , = M, and if ch = b, 
andk>i+ 1, then b,-,=c,,-,forsomeg>l. 
(c) cj= Xi (j= l,..., i), c~+~ = bi+h vor h = l,..., k and with 
l<k,<s-4, c;+~+, =u.andc,=b,-, Vorm=i+k+2 ,..., s+ 1). 
Then f ,,..., f;:, c ,,... . c,, , are an asymptotic sequence ooer IA. 
(3.2.2) If every permutation of b, ,...? b, is an asymptotic sequence ooer I. 
then .f,,...,fi, c, ,..., c,, , are an asymptotic sequence ocer IA for eL?eq’ 
permutation c, ,..., c, + , of u. X, ,..., Xi, bj + , ,..., b,. 
Proof. ((3.2.1)). Suppose not, so we now consider the following two 
cases: (i) there exists h (0 < h < i) such that f, ,...,f, are an asymptotic 
sequence over IA and there exists P E ,d*((Z,f, ,...,fh) A) such that fh+, E P; 
and (ii) there exists k (0 ,< k < s + 1) such that f, ,..., A, c, ,..., ck are an 
asymptotic sequence over IA and there exists P E A*((I, f, . . . . . A, c, ,..., ck) A) 
such that ck+, E P. 
For (i), s(lA,) = h. If u E P, then by the definition of&, it follows that 
u, b,,..., b,+, E P. and u, b ,,..., b,,, are an asymptotic sequence over IA, by 
(3.1). However, this (and (2.2.1)) implies the contradiction that 
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s(ZA,) > h + 2. Therefore u & P. Then X, - bJu,..., X,,+ I - b, + Ju are an 
asymptotic sequence over ZA[ l/u], by (3.1), and are in PA[ l/u]. Also, A, is 
a localization of A [ l/u], and this implies the contradiction that 
s(ZA,) > h + 1. Therefore (i) does not hold. 
For (ii), s(ZA,) = i + k. Let the elements c, ,..., ck+, be (in some order) 
bt, , . . . . . bi+h (where 0 < h < s - i) and U, X,, ,..., X,, (if u e P) or X,, ,..., X,, 
(if u 6? P), where rc is a permutation of l,..., i and t + 1 = k + 1 -h ,< i (if 
u E P) or I = k + 1 - h < i (if u @ P). (Note that the restriction on the 
permutation in (a)-(c) implies that for some h > 0 the elements bt, , ,..., bi + ,, 
(for h = 0 there are no elements) appear in order (but not necessarily 
consecutively) among the cm.) If u E P, then b, ,..., !J;+~, n, X,, ,..., X,, E P, 
and these elements are an asymptotic sequence over IA, by (3.1). However. 
this implies the contradiction that s(ZA,) > i + k + 1. Therefore u t$ P. Then 
X *,t+ 1) -b T(r+l\ /U ,..., X,i - b,Ju, b, ,..... b,*, b,, ,...., bi+,,, X, ,,..., X,, are an 
asymptotic sequence over IA ] l/u ]. by (3.1), and are in PA [ l/u]. Also, A, is 
a localization of A[ l/u ], and this implies the contradiction that 
s(ZA,) > i + k + 1. Therefore (ii) does not hold, and so (3.2.1) holds. 
For (3.2.2), suppose that f ,,.... fi, cI ,..., c,, , are not an asymptotic 
sequence over IA for some permutation c, ,..., c,+, of u, X ,,..., Xi. hi+, ,.... b,. 
Then, by what has already been shown, there exists m (0 <m <s) such 
that f, ,..., .f., c, ,..., c, are an asymptotic sequence over IA and there 
exists P E a*((z,f ,,“., fi, c L ,..., cm) A) such that c, + I E P. Therefore 
s(ZA,) = m + i. Let the elements c, ,..., c,+ , be (in some order) 
b,,i+ l)“-‘bo,i+h, (where o is a permutation of i + I,..., s and 0 < h < s - i) 
and u, X,, ,..., X,, (if u E P) or X, ,,..., X,, (if u &P), where 7[ is a 
permutation of l...., i and t+l=m+l-h<i (if uEP) or 
t=m+l-h<i (if u G P). If u E P. then b, ,..., bi, b,,i,lr ,... . 
bo(i+/,,, u. X,,v... X,, E. P and they are an asymptotic sequence over IA, by 
hypothesis and (3.1). However. this implies the contradiction that 
s(ZA,) 2 m + i + 1. Therefore u @P. Then XnCl+ ,, - bsCL+ ,,/u ,..., XT; - b,i/u, 
b b b,(i+ I)‘.*‘* bo(i+h), Xql***.’ r, .**.. xl, X,, are an asymptotic sequence over 
ZA( I/u], by hypothesis and (3.1). and are in PA\I/u). Also, A, is a 
localization of All/u] and this implies the contradiction that 
s(ZA),) > m + i + 1. Therefore (3.2.2) holds. Q.E.D. 
(3.3) THEOREM. Let b,,..., b, be an asymptotic sequence ooer an ideal I 
in a Noetherian ring R and let Bi = (6, ,..., bi) R (i = l,..., s). Fix i and let 
.7 = .S(R, Bi). Then the following statements hold: 
(3.3.1) Let d ,,..., d,, , be a permutation of u, tb, .,.., tbi, bi+ , ,..., b, of one 
of the following t?lpes: 
(a) d, = u and if dj = b, and k > i + 1. then bkm, = d,i-s for some 
g> 1. 
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(b) n, = tb ,,..., dj = tbj (Jar some j (1 <j < ij), dj,, = u, and ifd,, = b, 
andk>i+ 1, then b,-,=d,,-,forsomeg> 1. 
(c) dj = tbj (j = l,..., i), di+ h = bi+,, Vor h = I,..., k and lcith 
1 <k<s-i), ditk+,= , u andd,=b,-, (/5rm=i+k+2 ,.... s+ 1). 
Then d, ,..., d, + , are an asymptotic sequence over I.R. 
(3.3.2) If every? permutation of 6, . . . . . b, is an asJ?mptotic sequence over I, 
then every permutation of u, tb, . . . . . tbi. bi+ , ,..., 6, is an asymptotic sequence 
over I. 3. 
Proof: ((3.3.1)). Let A=R[u,X ,,.... Xi], letfj=uX,-bj (j= l,.... i), let 
H= (f ,,..., fi) ‘4, and let c ,,..., c,, , be the pre-images of d, ,..., d,, , in A. 
Then f, , . ...” 6, c, , . . . . c,, , are an asymptotic sequence over IA, by (3.2.1), so 
the images of c, ,.... c,, , are an asymptotic sequence over (I + H)/H in A/H, 
by (2.2.7). Let K = Ker(A -.P?). so HE K G H,, by [9, (3.4)]. Therefore 
.$ = (A/H)/(K/H) and K/H c Rad A/H, so (3.3.1) follows from (2.2.5). 
The proof of (3.3.2) is similar using (3.2.2). Q.E.D. 
Concerning the hypothesis in (3.3.2), note that it holds if I= (0) and the 
bj are in the Jacobson radical of R, by (2.2.2). Also, by (6.3 j below, it holds 
if I is arbitrary and the bj are in the Jacobson radical of R. 
A strong converse of (3.3) is proved in (3.7.1). 
We now give several corollaries of (3.3). 
(3.4) COROLLARY. With the notation of (3.3), (I”G%‘)~ = (I”),R [t, u] 
n ~9 for all n > 1 and d, . . . . . d,, , are an asymptotic sequence over 
ZR[t.u]n.R. 
ProoJ J,A, = (JAs)o holds for all ideals J and all multiplicatively closed 
subsets S (0 & S) in a Noetherian ring A. Thus (Z”G?)),~[ l/u ] = 
(I”.?? [ l/u]), . Al so, .2[l/u] = R[t,uj. so (I”R[t, u]), = (Z”),R[t,u], since t 
is transcendental over R and u = I/t. Therefore (Z”S’[ l/u]), = (I”), R [t, u], 
and so the first conclusion follows, since (Z”.W),: US = (Pi@),, by 
(3.3.1)(a). Finally, I~~IR[t,u]n.~~(I,)R[t,u]n.~=(I.a),, SO it 
follows immediately from the definition that d, ,..., d,, , are an asymptotic 
sequence over IR [t, u] f’ 2, since they are an asymptotic sequence over Z.2, 
by (3.3). Q.E.D. 
(3.5) is a corollary of (3.3) concerning the B,-forms of b,,..., b, in the form 
ring (= associated graded ring) of R with respect to Bi. As an example of a 
suitable permutation of the B,-forms mentioned in (3.5), let s = 5, i = 3, and 
let d, ,.... d, be the elements tb,, tb,, b,, tb,, 6,. On the other hand 
tb,, tb,, b,, tb,, b, is not a suitable permutation, since b, appears before b,. 
However, if every permutation of b, ,..., bj is an asymptotic sequence over I. 
then every permutation of these elements is suitable, by (3.3.2). 
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(3.5) COROLLARY. With the notation of (3.3), each permutation of the 
Bi-forms of 6, t . . . . 6, which corresponds to d2 ,..., d,, , as in (3.3.1 )(a) is an 
asymptotic sequence over I. F and also over the Bi-form ideal of I in the form 
ring F =. T(R. Bi). 
Proof. By [ 13. Theorem 2.11. F = .9/u.@. the B,-forms of 6, ,.... 6, are 
the u.9-residue classes of the elements tb, ,..., tbi. bi+ , ,..., 6,. and the B,-form 
ideal of I is the &-residue class of ZR [t, u] n .#. (The assumption that the 
ring is local in [ 131 is not essential.) Now each permutation of u, 
tb 1 y...q tbi, bi + k q..., 6, as in (3.3.1)(a) is an asymptotic sequence over I.& and 
over ZR[t. u] f~ .S. by (3.3.1) and (3.4). so the conclusion follows from 
(2.2.7). Q.E.D. 
(3.6) is another corollary of (3.3). The correspondence mentioned in 
(3.6) is: u 2 b,, b,z 6, (h = i + l,..., s), and bj/b, 2 tbi (j = l,..., i). As with 
(3.5). if every permutation of 6, . . . . . 6, is an asymptotic sequence over I. then 
every permutation of the specified elements in (3.6) is an asymptotic 
sequence over ID. 
In (3.6), R IbJb,,..., hi/b,] is the subring of R[ l/b,] generated by the 
elements bi/bL. where ’ denotes residue class modulo Ker(R -+ R [ l/b,]). 
(3.6) COROLLARY. With the notation of (3.3),Jix k (1 <k < i) and let 
D = R [b ,/bk . . . . . hi/b,]. Then each permutation of the images of 
bi+ 1 T*.*, 6, , b,jbk ,..., bk-,lbk, bk+ Jbk,..., 6,/b,, b, which corresponds to one of 
the permutations in (3.3.1)(a)+ c is an asymptotic sequence over ID. ) 
Proof. Let ,P = S[ l/tb,]. so 6,. i = u.7 , and so (b,/b,)2 = (tbj) .-i 
(j= l,..., i). Now each permutation of bi+ ,,..., b,, tb, ,..., tb,-, , tb,, , ,..., tbi, u 
as in (3.3.1)(a)-(c) is an asymptotic sequence over IS’, by (3.3), so it 
follows that each permutation of the images of bi+ ,,..., b,, 6,/b, ,..., 
bk-dbkr b,, Jbk,..., bi/bk, 6, as in (3.3.1)(a)-(c) is an asymptotic sequence 
over I.-Y‘. Therefore the conclusion follows, since .9 = D[tb;, l/tb;] and tb; 
is transcendental over D, where 6; is the image of 6, in R [ l/b,]. Q.E.D. 
This section will be closed with (3.7), which briefly considers possible 
converses of (3.3) and (3.5). 
(3.7) Remark. (3.7.1) A strong converse of (3.3) holds. Namely, $1 and 
J are ideals in a Noetherian ring R and b,,..., 6, in J are such that 
6, tel...., 6, tex are an asymptotic sequence over I.(R, J), where all ei 2 0, 
then b ,,..., 6, are an asymptotic sequence over I. 
(3.7.2) The converse of (3.5) is not, in general, true. That is, if I and B 
are ideals in a Noetherian ring R and the B-forms of b,,..., 6, are an 
asymptotic sequence over Z.F(R, B), then it may not be true that 
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u, 6, tel ,..., b,t’l are an asymptotic sequence over Z.#(R, B). where 
b. (f Bei & Be’+ ’ I 
ProoJ ((3.7.1)). The hypothesis and (2.2.1) imply that b, ,..., 6, are an 
asymptotic sequence over IR[t, u], so the conclusion follows, since t is 
transcendental over R. 
((3.7.2)). As an example, let I= (0) and let B be such that a*(~&) has 
an imbedded prime divisor P, where .I = .#(R. B). Let bt’ in P such that 
height (u. bt’) .A = 2. Then the B-form of b. bt’ + u.9, is not in any minimal 
prime ideal in .F(R. B). so it is an asymptotic sequence (over (0)) in 
F(R, B)(since A^*((O)) = mAss R holds in every Noetherian ring), but U. bt’ 
are not an asymptotic sequence (over (0)) in #. Q.E.D. 
4. ASYMPTOTIC SEQUENCES OVER I AND OVER tI.W(R,Z) 
This section is concerned with the Rees ring of an ideal I in a Noetherian 
ring R and with asymptotic sequences over I and over tI.R(R, I). The main 
result characterizes asymptotic sequences and maximal asymptotic sequences 
over I in terms of asymptotic sequences over tI.2(R, I); the corollaries of 
this result are analogous to those in Section 3. 
We begin with the main result in this section. Its proof is fairly long: it is 
essentially proved by reducing to the complete local domain case. In the 
proof we use (6.2). so we note here that (6.2) does not depend on the results 
in this section. 
(4.1) THEOREM. Let I be an ideal in a Noetherian ring R and let 
b , ,..., 6, be elements in R. Then the following statements hold: 
(4.1.1) b ,,..., b, are an asq’mptotic sequence ot!er I if and only if 
u. b , ,..., b, are an asymptotic sequence over tI.9. 
(4.1.2) b ,,..., b, are a maximal asymptotic sequence ouer I if and only if 
u, b , ,..., b, are an asymptotic sequence oner tI.2 and for all maximal ideals 
A4 in R that contain (I, b ,,..,, 6,) R it holds that the images of u, b, ,..., 6, in 
SF/ are a maximal asymptotic sequence orer tL%.,. where 
R = (u, iv, tl) 9. 
ProoJ ((4.1.1)). We first reduce to the local ring case. For this, assume 
it is known that (4.1.1) holds when R is local. Also assume that b, ,..., 6, are 
an asymptotic sequence over Z and suppose that u, b, ,..., b, are not an 
asymptotic sequence over tI.2. Then pick i (-1 <i < s) and 
P E A*((tL u, b, ,..., bt) .9) such that bi + , E P. (For i = - 1, the ideal is tl.2 
and b,=uEP; for i=O, it is (tl,u)C9 and b,EP.) Letp=PnR and let 
S = R --p. Then the images of 6, ,..., bi+ , (no elements, if i = -1) in R, are 
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an asymptotic sequence over Zp. by (2.2.1). Also -9s z ,iP(R,, Zp), 
P.9s E A*((rZ, u, b 1,“” bi) ,~S,), and the image of bi+ , is in P.2, (for i = - 1, 
the ideal is fZ.!G?s and bi+ , = b, = u E P.2s), and this contradicts the 
assumption that the result holds in the local ring case. Conversely, assume 
that U, b , ,..., b, are an asymptotic sequence over tZ:9 and suppose that 
b , ,..., b, are not an asymptotic sequence over Z. Pick i and 
p E A^*((Z. b,;..., bi) R) such that bi+ , Ep. (Possibly the ideal is Z and 
b, E p.) Let S = R -p. Then the images of U, 6, ,,... bi+ , in .#s are an 
asymptotic sequence over tZ.W,. by (2.2.1). Also, .R, E .R(R,, Z,), 
pp E A*((Z, b,,..., bi) R,), and the image of bi+, is in p,, and this contradicts 
the assumption that the result holds in the local ring case. Therefore it may 
be assumed to begin with that R is local with maximal ideal M. 
Now b 1 ,.... b, are an asymptotic sequence over Z if and only if they are an 
asymptotic sequence over ZR*, by (2.2.3). Also, with .i = .W(R*, ZR*), .‘i 
is a faithfully flat .9-algebra, by [ 10, (6.4)], so U, b, . . . . . 6, are an asymptotic 
sequence over tZ,R if and only if they are an asymptotic sequence over tZ.‘i . 
by (2.2.3). Therefore it may be assumed to begin with that R = R * is 
complete (and so .~i = c$). Now mAss .A = (z* = zR[t, uj fT,R; 
z E mAss R } and then .9/z* 1 .A(R/z, (I + z)/z), by [ 13, Lemma 1.11. 
Therefore by applying (2.2.4) to both R and .Y? it may be assumed to begin 
with that R is a complete local domain. 
Assume first that b , ?..., 6, are an asymptotic sequence over I. Now every 
prime divisor of the powers of the ideals tZ9, (rl. U) .#‘, 
(rf. u. 6,) .9 ,..., (tZ. u. 6, ,..., b,) ,J? is homogeneous, so the prime divisors of 
their integral closures are also homogeneous, by [ 10. (2.4) and (2.8)). 
Therefore, since every homogeneous ideal in .M is contained in 
H = (u, M, tZ),#, it follows that U. b, ,.,., b, are an asymptotic sequence over 
tZ.2 if and only if they are an asymptotic sequence over ZZ.2 I. Thus it 
suffices to show that U, b, ,..., 6, are an asymptotic sequence over tZ.R,,. So, 
suppose, on the contrary. that U. b ,,..., b, are not an asymptotic sequence 
over tZ,#/. Then there exists i (--I < i < s) such that there exists 
P E /i*((rZ, u, b , ,..., bi) c9,g,) such that bi + , E P. (For i = -1, the ideal is 
ZZ9, and u E P; for i = 0, the ideal is (ZZ, U) -g-M and b, E P.) Fix the first 
such i, let p = P n R, and let S = R -p. Then (I, b, ,..., bi + ,) R C_ p and 
ems r.G9(R,, Z,,). (For i = -1 this simply says that Zcp.) Now the 
supposition and choice of Z imply that s(tZ.A,) = i + 1. Also 
P.3, 2 (u,p, tf) G@~, so P2, is the maximal homogeneous prime ideal in 
.A, z.R(R,,Z,). Let .? =.$(R,.Z,) and let L I -= (u,p,,tZD)..2 be the 
maximal homogeneous ideal in .? . Then, since R is a complete local 
domain, R, and ci’U,. are quasi-unmixed, by [4, Corollary Z.S]. Also, it is 
clear that the number of elements in a minimal basis for (tZ,)“Y,- is less 
than or equal to the number of elements in a minimal basis for (ID)” for all 
n > 1. so Z(tZDL9.,<) < &I,), by the Hilbert polynomial characterization of 1 
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(see [3, Sect. 31). Therefore, since Z(Z,) + s(l,) = height p and l(tZp 9:+-) + 
s(tZP.-PU9.) = height L I’-‘= height p + 1, by [ 14, Theorem 4.2(b)], it follows that 
s(tZ,2,-) > s(Z,) + 1 > 1, so i > -1, since s(tZ,2~,.~ = s(tZ9p) = i + 1, as 
noted above. However, the images of 6, ,..., bi+ , in R, are an asymptotic 
sequence over Z,, so s(Z,) > i + 1 > 1. and this implies that i + 1 = 
s(tZ,Sp) = s(tZ,.Y .,) > s(Z,) + 1 > i + 2. This contradiction thus implies that 
u. b , ,.... 6, are an asymptotic sequence over tZ.2. 
For the converse. it follows from the hypothesis: (2.2.1). and (6.2) that 
b , ,.... 6,. u are an asymptotic sequence over tZ.2 ,+ where, R = (u, M, tZ) 2’. 
Therefore it follows (as at the start of the preceding paragraph) that 
b , ,.... 6,. u are an asymptotic sequence over tZ,lu’. Thus 6, ,..., b, are an 
asymptotic sequence over tZR [t, u ] = ZR [ t. u]. since .R [ l/u] = R [t, u]. Thus, 
since t is transcendental over R, b, . . . . . 6, are an asymptotic sequence over I. 
((4.1.2)). Assume first that b ,,..., 6, are a maximal asymptotic sequence 
over I. Then U, 6, ,..., b, are an asymptotic sequence over tZ. jlc’, by (4.1.1). Let 
M be a maximal ideal in R that contains (I, b, . . . . . b,) R. Then necessarily 
ME i*((Z, 6, ,..., 6,) R), since 6, . . . . . b, are a maximal asymptotic sequence 
over I. Let S = R - M, d = (u. M, tZ). R, and i = #(R ,,,, Z,,f). so .2s z .i 
and .lX corresponds to the maximal homogeneous ideal L / ‘= (u, M,,,, ZZ,,) i 
in ‘i . Now the images of U, b, ,.... 6, are an asymptotic sequence over tZ..2,s. 
by (2.2.1). so the images of U, b, ,..., 6, in i are an asymptotic sequence 
over tl,,. i . Therefore, since s(tl.2,) = s(tZ,,. i , ), by the isomorphism. it 
suffkes to show that s(tZ,,. i ( ) = s + 1. Thus. since the images of b, . . . . . b, in 
R,, are a maximal asymptotic sequence over I,,, it may be assumed that R is 
local with maximal ideal M (so i = R and. I = H), and it must be shown 
that s(tZ.n’,) <s + I. 
Now. if s(tZ.9,) > s + 1, then 
fl@d*((tZ, u, b 
fl&A*((tZ,u, b ,,..., b,).n’,). so 
, ,..., 6,). 8). since R is maximal. Therefore there exists a 
homogeneous element h in 4 such that U. b, ,.... 6,. h are an asymptotic 
sequence over tI.9. Now the degree of h must be zero, since 21 and tZ are 
already used, so h C M. Also, 6, . . . . . b,. h. u are an asymptotic sequence over 
tz. R /, by (6.2). so it follows as in the third paragraph of this proof that 
b , ,..., b,y, h. u are an asymptotic sequence over fZ.R. Thus it follows (by 
considering R [ t, u ] = .9 ( I/u ]) that b, ,..., b,, h are an asymptotic sequence 
over I. However. b , . . . . . b, are a maximal asymptotic sequence over I, so it 
follows that 11. b , . . . . . b, are a maximal asymptotic sequence over tZ. ti /, so 
s(tZ.2,) = s + 1. 
Conversely. the hypothesis and (4.1.1) imply that b,...., 6, are an 
asymptotic sequence over I. Now if there exists b,, , E R which is 
asymptotically prime to (I, b, ,..., b,) R, then U, b, ,.... b,$+, are an asymptotic 
sequence over tZ..R. by (4.1.1). Therefore for all p E Spec R that contain 
(I, u, 6, . . . . . b,+,)R it holds that u,b ,,.... b,+,~P=(u,p.tZ).A, so the 
images of U, 6, ,.... b, in .@‘P are not a maximal asymptotic sequence over 
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tMp . Therefore the hypothesis implies that b,,..., b, are a maximal 
asymptotic sequence over I. Q.E.D. 
(4.2) Remark. If Z is an arbitrary ideal in an arbitrary Noetherian ring 
R, then u is asymptotically prime to fIA?(R, I). This follows by taking the 
empty asymptotic sequence over I in (4.1.1). 
Of course, (4.1) holds when R is a local ring. However, the local case of 
(4.1.2) has a somewhat nicer characterization of a maximal asymptotic 
sequence over I, as will now be shown. 
(4.3) COROLLARY. Let I be an ideal in a local ring (R, M) and let 
b , ,..., b, in M. Then b , ,...? 6, are a maximal asymptotic sequence over I if 
and only if u. b, ?..., b, are a maximal asymptotic sequence over tI3 &, where 
3 = S(R, I) and A = (u, M, tZ) .R. 
Proof: Assume that u, b ,,..., b, are a maximal asymptotic sequence over 
tGP,. Then by the third paragraph of the proof of (4.1.1) it follows that 
u, b ,,..., b, are an asymptotic sequence over tZ.2. Therefore the “if’ 
hypothesis of (4.1.2) holds, so b, ,..., b, are a maximal asymptotic sequence 
over 1, by (4.1.2). 
The converse was proved in the first two paragraphs of the proof of 
(4.1.2). Q.E.D. 
(4.4) gives an interesting characterization of s(Z) and s(Z,,,) for an ideal I 
in a Noetherian ring. 
(4.4) COROLLARY. The following statements hold for an ideal I in a 
Noetherian ring R: 
(4.4.1) If M is a maximai ideal in R that contains I. then 
s(Z,,,) = s(tZ.3 [) - 1. where .9 = .W(R, I) and. tY = (u. M, tZ).i. 
(4.4.2) s(I) = s(tZ,$/) - 1 for some maximal ideal M in R that contains 
I. where .i*/ = #(R. I) and d = (u, M. tl) .$. 
Proof (4.4.1) is clear by (4.3). and (4.4.2) follows readily from (4.1.2). 
Q.E.D. 
This section will be closed with three corollaries of (4.1) which are 
analogous to (3.4~(3.6). 
(4.5) COROLLARY. With the notation of (4.1), ((tI)‘.,H), = 
(Zn)aR[t, u] n 3’ for all n > 1, and if b, ,..., b, are an asymptotic sequence 
over I, then u, b, . . . . . b, are an asymptotic sequence over IR [t, u] n .ijl. 
Proof. Since u is asymptotically prime to tl2, by (4.2). it follows that 
((tI)“2),: u.3 = ((tZ)‘3)), for all n > 1, so ((tl)n.~3)a.2[ l/u] PI.-# = 
ASYMPTOTIC SEQUENCES AND REES RINGS 77 
((tZ)“9), for all n > 1. Therefore the first conclusion follows as in the proof 
of (3.4). Also, fZ.9 5 ZR [t, U] n 2 c Z, R [t, U] fl9 = (tZ.9),, so the last 
conclusion follows from (4.1.1) and the definition of an asymptotic sequence 
over an ideal. Q.E.D. 
(4.6) COROLLARY. With the notation of (4.1), if b ,,..., 6, are an 
asymptotic sequence over Z, then the Z-forms of 6, ,..., b, are an asymptotic 
sequence over the Z-form ideal of Z in the form ring .F(R, I) of R with respect 
to I. 
Proof The proof is similar to the proof of (3.5), but use (4.5) in place of 
(3.4). Q.E.D. 
(4.7) COROLLARY. With the notation of (4. l), assume that b, ,..., b, are 
an asymptotic sequence over Z and let D = R [Z/b,]. Then the images in D of 
b , ,..., b, are an asymptotic sequence over (Z/b,) D. 
This is a special case of (7.4) (with Bi = 6, R and b, = b,), so its proof 
will be omitted. 
5. ASYMPTOTIC SEQUENCES OVER Z AND OVER u.#(R,Z) 
In this section we continue to consider the Rees ring of an ideal Z in a 
Noetherian ring R and asymptotic sequences over I. The main result, (5.6), 
characterizes asymptotic sequences over I in terms of asymptotic sequences 
over u.9(R, I): the corollaries of this are quite analogous to those in Sections 
3 and 4. However, here we also show that if R is local with maximal ideal 
M. then b, ,..., 6, in M are an asymptotic sequence over Z if and only if they 
are an asymptotic sequence over u.A,, where .~9 = .R(R. I) and fl is the 
maximal homogeneous ideal in .Y?. This result is quite useful, and we derive 
some of its consequences in Section 6. 
To prove the main result we first prove the locally quasi-unmixed case, 
and to prove this case we need the following lemma. 
(5.1) LEMMA. Let Z be an ideal in a locally quasi-unmixed Noetherian 
ring R and let .A = .S’(R, I). Then .R is localb* quasi-unmked. 
Proof: Let P E Spec -9, let p = P n R, and let S = R -p. Then R, is 
quasi-unmixed, by hypothesis, and .$P is quasi-unmixed if and only if .gsP, 
is. Therefore, since ~9~ g .A’(R,, Z,) and P.2s f? R, =pp, it may be assumed 
to begin with that R is local and Pf7 R = M, the maximal ideal in R. 
Now to show that zP is quasi-unmixed it suffices, by (4, Lemma 2.21, to 
show that for each minimal prime ideal z* c P it holds that zP/z,* is quasi- 
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unmixed and height P/z* = height P. For this, let z* and W* be minimal 
prime ideals in 9 which are contained in P. Then z = z* n R and 
11’ = w* n R and minimal prime ideals in R and . A/z* s .G@(R/z, (I + z)/z) 
and .@/w* z ,~(R/w, (I + w)/w). by [ 13, Lemma 1.11. Also. trd(.#/P)/ 
(R/M) = depth P, by [2, (14.6)], and R/z and R/w are quasi-unmixed, by 
(2, (34.5)]. Therefore, by the altitude formula for P/z* over R/r and for 
P/W* over R/w it follows that height P/z* = height P/IV*. since 
trd(.R/z*)/(R/z) = trd(,%‘/uV*)/(R/u9) = 1, since depth P/z* = depth P/rc’“. 
and since height M/z = height M/W = height M (by 12, (34.5))). Finally 
&Jzp* and :#JriSp* are quasi-unmixed, by [4, Corollary 2.4](since R/z and 
R/w are quasi-unmixed). so it follows from 14. Lemma 2.21 that .2,, is quasi- 
unmixed. Q.E.D. 
(5.2) gives several characterizations of an asymptotic sequence over an 
ideal I in a locally quasi-unmixed Noetherian ring. 
(5.2) PROPOSITION. Let I be an ideal in a ‘locally quasi-unmixed 
Noetherian ring R, let A’, = .A(R. I). and let b ,..... b, in R. Then for the 
following statements, (,5.2.1)-(5.2.5) are equivalent and imply (5.2.6). and all 
the statements are equivalent if b, ,..., b, are in the Jacobson radical of R: 
(5.2.1) b ,a..., b, are an asymptotic sequence over I. 
(5.2.2) b, ,.... 6, are an asymptotic sequence over u.#,. 
(5.2.3) biT , is asymptotically prime to u.Ri for i = 0, l..... s - 1. where 
.#i = .R,[tb ,,..., tb;]. 
(5.2.4) Height(u. bi+ ,) .I?ii = 2 for i = 0. l,.... s - 1, where .ri, = 
.-T+~ [ tb , ,..., tbiJ. 
(5.2.5) Height(u. b ,...., bi) .#,, = i + 1 for i = I...., s. 
(5.2.6) Height(u. b, ,..., b,) .tiio = s + 1. 
Proof. It is shown in 110. (2.7)j that if J is an ideal in a Noetherian ring 
S. then A*(J) = (p n S;p E A*(u.~#(S. J))}. so (5.2.1) o (5.2.3). 
The rings Ri are locally quasi-unmixed. by (5.1) since R is. Therefore for 
all n >, 1 every prime divisor of (u”.#~), has height one and every prime 
divisor of (((u, b, ,..., bi).9,,)“jn has height i + 1 (if height (u. b ,,..., 
b,).Y,=i+ 1). by [6,Theorem2.12]. Thus (5.2.3)0(5.2.4) and (5.2.2)o 
(5.2.5). 
If (5.2.5) holds. then the minimal prime divisors of u~#~ are the ideals 
P. Wi. where P is a minimal prime divisor of (u, b, ,..., bi) .A, ; [ 7, Lemma 2.7 1 
shows that these ideals are among the minimal prime divisors of ~.9~, and 
that every minimal prime divisor Q of u.ip, has this form follows from the 
altitude formula for Q/z over SO/(z n ,90) with z a minimal prime ideal in 
.Hi contained in Q. Therefore A^  *(uSi) consists of these ideals P.4,. by 
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16, Theorem 2.121, hence (5.2.5) 3 (5.2.4), since P.si n ~8~ = P, by [7, Lem- 
ma 2.71. 
Also, if (5.2.5) does not hold, then fix the first i such that there exists a 
(height i + 1) prime divisor P of (u, b,,..., bi) &?,, such that bi+, E P. Then 
Q = P2Zi is a minimal prime divisor of ugi, by [7, Lemma 2.71, and 
6,+, E Q, so (5.2.4) does not hold. Therefore (5.2.4) * (5.2.5). 
It is clear that (5.2.5) + (5.2.6). 
Finally, assume that the bi are in the Jacobson radical of R and that 
(5.2.6) holds. Suppose that height (u, b,,..., bi) s0 < i + I for some i 
(0 ,< i < s), and let P be a prime divisor such that height P < i + 1. Let 
p = Pf’ R, let M be a maximal ideal in R that contains p, and let 
S=R -12~. Then (I,b ,,..., b,)RcM and (u,b ,,..., b,)~@~c/‘= 
(u, M, fl) ;rS,, so height (u, b, ,..., b,) G?~ = s + 1 (by the hypothesis). Also, 
R,, is quasi-unmixed, so %X.& is, by (5.1), and so ~9d satisfies the first chain 
condition for prime ideals, by [4, Corollary 2.11. Therefore height 
y; ;, .a.-. b,j) ,2,/=j + 1 for j = 0, l,..., s. However, height P.2?s < i + 1 and 
, ,..., bi) 9s E Pgs c ,/, since ..X contains all homogeneous ideals (and 
the prime divisors of (u, b,,..., bi) 9, are homogeneous, since 
9’s z 2’(R,+,, Z,u)), so this contradiction implies that (5.2.6) * (5.2.5). 
Q.E.D. 
(5.3) Remark. The proof of (5.2) showed that (5.2.1) o (5.2.3) holds 
for all Noetherian rings. 
(5.4) gives three characterizations of a maximal asymptotic sequence over 
an ideal I in a quasi-unmixed local ring. 
(5.4) COROLLARY. Let I be an ideal in a quasi-unmixed local ring 
(R, M), let 2 = .2(R, I), let 6, ,..., b,inM,andletU=(PESpec.R;Pisa 
minimal prime divisor of (M, u) 21. Then the following statements are 
equivalent: 
(5.4.1) b ,,..., 6, are a maximal asymptotic sequence over I. 
(5.4.2) Height(u, b , ,..., b,) 2 = s + 1 and the images of the bi in 2r are 
a maximal asymptotic sequence over u2r for all P E U. 
(5.4.3) Height(u, b , ,..., b,) 2 = s + 1 and the images of the bi in %Zs. are 
a maximal asymptotic sequence over t&s, where S = 2 - 0 (P; P E Vi. 
(5.4.4) b, . . . . . b, are an asymptotic sequence over u.2 and their images in 
.zZr are a maximal asymptotic sequence over i&r for some 
P E A*((M, u) 2). 
Proof. It will first be shown that height(M, u) 2 = s(l) + 1. For this, let 
J = (u. M, f1) 9, so 9A satisfies the first chain condition for prime ideals, 
by [4, Proposition 2.1 and Corollary 2.11, and height L,@ = altitude 
.Z = altitude R + 1, by [S, Remark 3.71. Therefore height(M, u) 9 + 
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depth(M, U) 9 = altitude R + 1. But depth(M, u) &’ = I(I), by definition, 
and s(l) + I(I) = altitude R, by [ 13, Theorem 4.2(b)], so height(M, u) 9 = 
s(l) + 1. 
If (5.4.1) holds, then s = s(l) and b, ,..., b, are an asymptotic sequence over 
~2, by (5.2.1)* (5.2.2). Also, height(u,b ,,..., b,)9 =s + 1, by (5.2.1) 3 
(5.2.6), so it follows from height(M. U) 9 = s + 1 and (2.2.1) that (5.4.1) => 
(5.4.3). 
If (5.4.3) holds, then since the bi are in the Jacobson radical of 9,, it 
follows (from the definition of a maximal asymptotic sequence over an ideal) 
that every maximal ideal in ss is in a*((~, b,,..., b,Y) ,9s). And so it clearly 
follows from this that (5.4.3) 3 (5.4.2). 
If (5.4.2) holds, then b ,,..., b, are an asymptotic sequence over I, by 
(5.2.6) * (5.2.1). Therefore, from (5.4.1) 3 (5.4.2) and the current 
hypothesis, it follows that (5.4.2) 3 (5.4.1). 
(5.4.1) 3 (5.4.4), by (5.2.1) 3 (5.2.2) and (5.4.1) + (5.4.2). 
Finally, if (5.4.4) holds, then b, ,..., b, are an asymptotic sequence over I, 
by (5.2.2) 3 (5.2. l), so s(Z) > s. Also, the hypothesis implies that the images 
of u. b ,,..., b, are a maximal asymptotic sequence in LGP~; that is. that 
grade*P, = s + 1. Therefore height P = s + 1, by (2.2.6), since ;iFP is quasi- 
unmixed (by (5.1)). Thus, since height(M, U) .Y? = s(l) + 1. by the first 
paragraph of this proof, and since s(Z) > s, as noted above. it follows from 
P E A*((M, u) .2) that P E CJ. Therefore the present hypothesis, together 
with (5.4.1) * (5.4.2), imply that (5.4.1) holds. Q.E.D. 
(5.5) COROLLARY. With the nofation of (5.4), s(l) = grade*(M, U) .$ - 
1 = height(q, u) .9 - 1 = ~(r4.A~) = ~(u.9’~) for aff P E ti. 
ProoJ Since 29 is locally quasi-unmixed, grade*(M, U) 9 = 
height(M. U) 9. by (2.2.6). so the conclusion follows from (5.4) and the first 
paragraph of its proof. Q.E.D. 
(5.6) is the main result in this section. It characterizes an asymptotic 
sequence over an ideal in a Noetherian ring and a maximal asymptotic 
sequence over an ideal in a local ring. 
(5.6) THEOREM. Let I be an ideal in a Noetherian ring R, let 
.G%’ = ..1(R, I), and let b, Y .. . . b, in R. Then the following statements hold: 
(5.6.1) b ,,..., b, are an asymptotic sequence ouer I if and only if they are 
an asymptotic sequence over US. 
(5.6.2) rf R is local with maximal ideal M, then b,,..., b, are a maximal 
asymptotic sequence over I if and only if they are an asymptotic sequence 
ouer u.9 and there exists P E A *^((M, u) 9) such that the images of b,,.... b, 
in c?~ are a maximal asymptotic sequence over US,. 
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Proof: It suffices to prove (5.6.1) for the local ring case; the general 
Noetherian ring case then follows essentially as at the start of the proof of 
(4.1). Then, as in the second paragraph of the proof of (4.1.1), it may be 
assumed that R is a complete local domain. Therefore (5.6.1) holds by 
(5.2.1) o (5.2.2). 
For (5.6.2), let ~2 = 2(R *, IR *), so .-> is a faithfully flat &algebra, by 
[ 10, (6.4)]. Therefore b ,,..., 6, are an asymptotic sequence over u.9 if and 
only if they are an asymptotic sequence over u,?‘, by (2.2.3). Also, there 
exists a one-to-one correspondence between the prime ideals P in .S that 
contain (M, U) ,7 and the prime ideals P* in .S‘ that contain (MR *, u) .2 
such that if P and P* correspond, then P” = P.2 and SP G ..;i& satisfy the 
Theorem of Transition, by [5, Lemma 3.21, and then P E A *^((M. u) .2) if 
and only if P* E a*((MR*. U) .-?‘)? by (2.2.3). Therefore, by (2.3.1) it may 
be assumed to begin with that R = R * is complete, and so ,;/’ = .A. 
Therefore, assume first that the bi are a maximal asymptotic sequence over 
I, so they are an asymptotic sequence over ~9, by (5.6.1). Also. by (2.3.2), 
there exists z E mAss R such that the images of the bj in R/z are a maximal 
asymptotic sequence. Now (2 = .S/(tR [f, u] f’ 2) z -%‘(R/z, (I + z)/z), by 
[13. Lemma 1.11, so (5.4.1) * (5.4.4) implies that there exists PE 
A*((M/z, u) 2) such that the images of the bi in sF are a maximal 
asymptotic sequence over ~2,. Therefore, with P the pre-image in 2 of p, 
P E A*(M, u) .m), by (2.2.4) and the images of the bi in ,SP are an 
asymptotic sequence over u&, since the bi are an asymptotic sequence over 
u.A. and hence necessarily a maximal asymptotic sequence over uSP, by 
(2.3.2) and the hypothesis on 2F. 
Conversely, b L ,..., 6, are an asymptotic sequence over I, by hypothesis and 
(5.6.1). And, if b, ,..., b,, c are an asymptotic sequence over I, then they are 
an asymptotic sequence over u.9 (by (5.6.1)) and (u, b ,,..., b,, c) .2 E 
(u, M).%’ E P. and this contradicts the hypothesis on P. Therefore b,,..., 6, 
are a maximal asymptotic sequence over I, so (5.6.2) holds. Q.E.D. 
(5.7) gives a useful local ring version of (5.6.1). 
(5.7) COROLLARY. Let I be an ideal in a local ring (R, M) and let 
b , ,..., b, in M. Then b, ,..., 6, are an asymptotic sequence over I if and only if 
u, b , ,. . ., 6, are an asymptotic sequence in .9-&, where .2? = .R(R. I) and 
ry = (UT M. fZ) 2. 
Proof. Every homogeneous ideal in .ip is contained in -H, so as in the 
third paragraph of the proof of (4.1.1) it follows that b,,..., b, are an 
asymptotic sequence over US if and only if they are an asymptotic sequence 
over ~9~; that is, if and only if U, b, ,.... 6, are an asymptotic sequence in 
.-g,/. Therefore the conclusion follows from (5.6.1). Q.E.D. 
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(5.8) was essentially proved in the proof of (5.7). However, its explicit 
statement will somewhat simplify the proofs of a couple of results below. 
(5.8) COROLLARY. If I is an ideal in a local ring (R, M) and b, ,..., b, in 
A4 are an asymptotic sequence over Z, then each permufation of u, b, ,.... b, is 
an asymptotic sequence in .Y?(R, I). 
Proof The prime divisors of the integral closure of the ideal generated 
by each subset of u, 6, ,..., b, are homogeneous, as noted in the proof of 
(4.1.1). Also, each homogeneous ideal in 2 = .iP(R, I) is contained in 
N = (u, M, t1) ,@. Therefore the conclusion follows, since each permutation 
of U, b, ,..., b, is an asymptotic sequence in ?S’#, by (5.7) and (2.2.2). Q.E.D. 
(5.6)-(5.8) have some interesting consequences concerning asymptotic 
sequences over an ideal in a Noetherian ring: some of these will be 
considered in Section 6. 
(5.6.2) gave one characterization of s(l) for an ideal I in a local ring. (5.9) 
gives some closely related information. It is the general local ring version of 
(5.5). 
(5.9) COROLLARY. Let I be an ideal in a local ring (R, M) and let 
.ip = .1(R, I). Then s(Z) = grade*(M, U) 2 - 1 < s(u.S’~) for all 
P E a *((M, u) S) and equality holds for some such P. 
ProoJ ~(Z)=S(U.~~) for some PEA *^((M, u).3?), by (5.6.2). so 
grade*P2p = s + 1, where s = s(l). Therefore grade*(M, u) 2 < s + 1, since 
an asymptotic sequence in (M, u) 2 localizes to an asymptotic sequence in 
Sp (since (M, U) SF c P). Also, (5.6.1) implies that grade*(M, u) S’ > s + 1. 
and so s(u.G?‘~) > s + 1 for all prime ideals P that contain (M, U) 2, and the 
conclusion clearly follows from this. Q.E.D. 
(5.10) is concerned with asymptotic sequences over I and the form ring of 
R with respect to I. It is analogous to (3.5). 
(5.10) COROLLARY. rf bl,..., b, are an asymptotic sequence over an ideal 
Z in a Noetherian ring R, then their Z-forms are an asymptotic sequence in 
y(R, 1). 
Proof. The proof is similar to the proof of (3.5), but use the fact that the 
bi are an asymptotic sequence over u.S?(R, I) (by (5.6.1)) in place of (3.3.1). 
Q.E.D. 
The final result in this section is concerned with asymptotic sequences 
over I and asymptotic sequences over cR[Z/c]. In its proof we use the 
notation [Z$ to denote {r E R; rtk E Z-Z} (-CO < k < CO), where H is a 
homogeneous ideal in .2. 
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(5.11) COROLLARY. Zfbl,..., 6, are an asymptotic sequence over an ideal 
I in a Noetherian ring R, then, for each element c E I such that 
c” & (I + B) I” for all n > 1, the images qf the bi in D = R [I/c] are an 
asymptotic sequence over CD. 
Proof. Let .i =.9[l/tc], and J= (u, b ,,,.., b,$) .i. Then J.‘? =.i 
implies that (tc)” E J for some n > 1. so C” E [J],, = I”” + BZ” = (I + B) I”. 
Therefore the choice of c implies that 0 # 2, so it follows from (5.6.1) 
that the images of b, ,..., b, in i are an asymptotic sequence over U. i . Thus 
the conclusion follows as in the proof of (3.6). Q.E.D. 
Concerning the element c in (5.1 I), if R is local with infinite residue field. 
then each element in a minimal basis of a minimal reduction of 1 is a 
suitable choice for c. (See, for example, the proof of Lemma 3. p. 150 in [3 1.1 
6. SOME APPLICATIONS TO ASYMPTOTIC SEQUENCES OVER.~N IDEAL 
In this section we use (5.6~(5.83 to derive some new information 
concerning asymptotic sequences over an ideal I in a Noetherian ring R. 
We begin with the following remark. 
(6.1) Remark. It follows from (5.7) that the concepts of an asymptotic 
sequence in a local ring and of an asymptotic sequence over an ideal I in a 
local ring are equivalent. That is, by definition an asymptotic sequence is 
simply an asymptotic sequence over (0). Also, (5.7) and (2.2.2) show that if 
b , . . . . . b, and I are such that b, ,.... b,, u are an asymptotic sequence in the 
local ring R,, then b, . . . . . 6, are an asymptotic sequence over I. 
(6.1) is of some importance since it can be used to show that many of the 
results known to hold for asymptotic sequences apply also for asymptotic 
sequences over an ideal. (6.2) is a particular case of this. 
(6.2) THEOREM. If I is an ideal in a local ring (R, M) and b, . . . . . b, in A4 
are an asymptotic sequence over I, then each permutation of 6, . . . . . b, is an 
asllmptotic sequence over I. 
ProoJ Each permutation of an asymptotic sequence in a local ring is 
again an asymptotic sequence. by (2.2.2), so the conclusion follows readily 
from (5.7). Q.E.D. 
(6.3) is the “asymptotic sequence over an ideal” version of (2.2.2). 
(6.3) COROLLARY. Let I be an ideal in a Noetherian ring R and let 
b , ,.... 6, be an asymptotic sequence over I. If b ,,..., 6, are in the Jacobson 
radical of R, then each permutation of b, . . . . . b, is an asymptotic sequence 
over I. 
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Proof Suppose not and let cI ,..., c, be a permutation of b, ,..., b, which 
are not an asymptotic sequence over I. Choose i (0 < i < s) such that c, ,..., ci 
are an asymptotic sequence over I and there exists P E A^  *((I, c, ,..., ci) R ) 
such that ci+ , E P. Let M be a maximal ideal in R that contains P. Then 
s(Z,) = i and c, ,.,., ci+, E P. However, the images of b, ,..., b, in R,,, are an 
asymptotic sequence over I,W, by hypothesis and (2.2.1). so the images of 
cI 1.**3 ci + 1 in R,w are an asymptotic sequence over I,,, by (6.2). But this (and 
(2.2. I)) implies the contradiction that the images in R, of c, ,.... ci+ , are an 
asymptotic sequence over IP. so the conclusion follows. Q.E.D. 
The following result was somewhat of a surprise to me. My first proof of 
it was the one given below; a more direct proof (not using Rees rings) is 
given in [12]. 
(6.4) THEOREM. If I is an ideai in a local ring (R, M) and b, ,.,., b, in A4 
are an asymptotic sequence ouer I, then b,,..., 6, are an asymptotic sequence 
in R. 
ProoJ If b, ,..., 6, are an asymptotic sequence over I, then b, ,..., b,, u are 
an asymptotic sequence in 9 = .A’(R, I), by (5.8). Therefore b, ,..., b, are an 
asymptotic sequence in 9[ l/u] = R[t, u], by (2.2.1). Thus, since t is 
transcendental over R and u = l/t, it follows that b, ,..., b, are an asymptotic 
sequence in R. Q.E.D. 
(6.5) globalizes (6.4). 
(6.5) COROLLARY. Let b,,.... b, be an asymptotic sequence oL$er an ideal 
I in a Noetherian ring R. If I is contained in the Jacobson radical of R, then 
b , . . . . . b, are an asymptotic sequence in R. 
Proof Suppose not and choose i (0 ,< i < s) such that b, . . . . . bi are an 
asymptotic sequence in R and there exists P E A*((b, ,..., bi) R) such that 
bi+, E P. Let M be a maximal ideal in R that contains P. so 
(I, b, ,..., bi+ ,) R c M, by hypothesis. Also, P,, E a *( (b, ,..., bi) R,,,) and the 
image in R,,, of bi+ , is in P!,,, so the images of b, ,..., b, + , are not an 
asymptotic sequence in R,,,. However, (2.2.1) and (6.4) imply that these 
images are an asymptotic sequence in R,w, so this contradiction implies that 
b , . . . . . 6, are an asymptotic sequence in R. Q.E.D. 
(6.6) considers the homogeneous case of (6.3) and (6.5). 
(6.6) Remark. Let R be a graded Noetherian ring, let I be a 
homogeneous ideal in R, and let b, ,..., b, be homogeneous elements in R. 
Then the following statements hold: 
(6.6.1) If b ,I..., b, are an asymptotic sequence over I and are in all 
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maximal homogeneous ideals in R, then each permutation of b, ,..., b, is an 
asymptotic sequence over I. 
(6.6.2) If I is contained in all maximal homogeneous ideals in R. then 
b , ,..,, b, are an asymptotic sequence in R. 
Proof The proof of (6.6.1) is similar to the proof of (6.3) and the proof 
of (6.6.2) is similar to the proof of (6.5). but for both proofs. use the fact 
that every homogeneous ideal is contained in a maximal homogeneous ideal 
and that the integral closure of a homogeneous ideal is homogeneous (as 
noted in the proof of (4.1.1)). Q.E.D. 
7. ASYMPTOTIC SEQUENCES OVER I AND OVER tI,7(R,I+Bi) 
In this section we combine the results in Sections 3-5 to show that an 
asymptotic sequence over an ideal I in a Noetherian ring R gives rise to 
certain related asymptotic sequences over tZ.9 in 9 = .G?(R, I+ Bj) and 
asymptotic sequences in 9. 
We begin with the main result. 
(7.1) THEOREM. Let I be an ideal in a Noetherian ring R and let 
b , ,..., b, be an asymptotic sequence over I. Let Bi = (b, ,..., bi) R (i = I,..., s), 
fix i, and let .9 = .S(R, I + Bi). Then the following statements hold: 
(7.1.1) Each permutation of u, tb ,,..., tbi, bi+ ,,..., b, as in (3.3.1)(a)-(c) 
is an asymptotic sequence over tI.9 and is an asymptotic sequence in .g. 
(7.1.2) If every permutation of 6, ,.... 6, is an asymptotic sequence over I. 
then every permutation of u, tb, ,..., tbi, bi+ , ,..., 6, is an asymptotic sequence 
over tl.9 and is an asymptotic sequence in A. 
ProoJ ((7.1.1)). Let ..? = .9(R, I). Then u, b ,,..., b, are an asymptotic 
sequence over tLY‘, by (4.1. l), so the first conclusion follows from 
(3.6)(since .@ = S?[Bi/u]). Also, u, b ,...., b, are an asymptotic sequence in 
9, by (5.6.1), so the second conclusion follows from (3.6) with I= (0) in 
(3.6) (that is, using the fact that an asymptotic sequence is an asymptotic 
sequence over I= (0)). 
The proof of (7.1.2) is similar, but also use (3.3.2). 
(7.2)-(7.4) correspond to (3.4)-(3.6). 
Q.E.D. 
(7.2) COROLLARY. With the notation of (7.1), ((tZ)n9)a = (I”),R[t, u] 
n .W for all n > 1 and each permutation of u, tb, ,..., tbi, bi+ , ,..., 6, as in 
(3.3.1)(a)-(c) is an asymptotic sequence over IR [t, u] f’ 9. 
Proof: The proof is similar to the proof of (3.4). Q.E.D. 
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(7.3) COROLLARY. With the notation of (7.1). each permutation of the 
(I + B,)-forms of 6, ,.... b, which corresponds to dz...., d, + , as in (3.3.1)(a) is 
an asymptotic sequence ouer the (I + Bi)-form ideal of I in 
T =. f(R, I + Bi) and is an asymptotic sequence in .F. 
Proof. Using (7.2) and (7.1) the proof is similar to the proof of (3.5). 
Q.E.D. 
(7.4) COROLLARY. With the notation of (7. I), fix- k (1 < k < i < s) and 
let D = R [(I t Bi)/b,]. Then each permutation of the images of 
bi+ 1 T.e.7 b,, b,lb,...., b, ,/b, 1 b, + ,lb, ,.... b,/b,, b, which corresponds to one of 
the permutations in (3.3.l)(at( c is an as.vmptotic sequence over (I/b,) D ) 
and is an asymptotic sequence in D. 
Proof Using (7.1), the proof is similar to the proof of (3.6). 
This paper will be closed with the following remark. 
Q.E.D. 
(7.5) Remark. Let b ,,..., b, be an asymptotic sequence over an ideal I in 
a Noetherian ring R. Then: 
(7.5.1) Their images in each faithfully flat Noetherian R-algebra S are 
an asymptotic sequence over IS and over (IS + z)/z for all z E mAss S, by 
(2.2.3) and (2.2.4). Therefore the results in Sections 3-5 and 7 also hold 
with each of these rings and ideals in place of R and I. 
(7.5.2) Ife ,...., e, are positive integers, then by’..... 6:s are an asymptotic 
sequence over I. so the results in Sections 3-5 and 7 also hold with these 
elements in place of b, ,..., b,. 
(7.5.3) The results in Sections 3-5 and 7 hold for asymptotic sequences 
in R by taking I = (0). 
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